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7.1

Einstein model for solids

(10 P)

The Einstein solid is a model of a solid based on two assumptions:
• Each atom in the lattice is an independent 3D quantum harmonic oscillator at a xed position
• All atoms oscillate with the same frequency

Because each atom can vibrate in each spatial direction, a system of N atoms is treated as a system
of 3N independent harmonic oscillators governed by the Hooke's law:
(1)

Fi (x) = −k(x − x0 )

where Fi (x) is the force acting on the atom i in direction x, k is the constant characteristic of the
oscillator and x0 is the equilibrium position. The frequency of the oscillators is given by
1
ν=
2π

r

k
m

(2)

where m is the mass of the atom and the possible energies are given by


1
En = hν n +
2

with n = 0, 1, 2, ...

(3)

1. Determine the expression for the canonical partition function of a single harmonic oscillator.
2. What is the expression for the canonical partition function of the full system?
3. Write down the expressions for the Helmholtz free energy function A(N, V, T ) and the internal
energy U .
4. Derive the formula for the heat capacity

CV = 3N k

hν
2kT

2

1
sinh2

hν
2kT



(4)

where T is the temperature.
5. The quantity hν
k has the dimension of a temperature, it is an intrinsic property of the solid
and it is known as Einstein temperature TE . Plot the quantity CV as a function of the ratio
T /TE .
6. How can you simplify the equation (4) in the limit of high temperature (T  TE ) and low
temperature (T  TE )?
1

Statistical thermodynamics
7.2

Prof. Dr. B.G. Keller, O. Lemke, L. Donati

Two states system

(8 P)

Suppose we have a two-state system, specically, consider a particle such as an electron or proton,
which has two spin states, up (+1) and down (-1). Let's apply a magnetic eld B, so that the two
states can have energy
E(up) = +µ · B ;
E(down) = −µ · B
(5)
where µ is the magnetic momentum and the energy dierence between the two states is given by
∆E = E(up) − E(down) = 2µ · B

(6)

1. Write down the partition function Q1 for a single particle.
2. Assume that E(down) = 0, write down the partition function Q01 .
3. What is the partition function Q0N for a system of N particles?
4. Determine the free energy F , the internal energy U , the entropy S and the heat capacity CV .
5. Plot the internal energy and the heat capacity as a function of the temperature.
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